A two-dimensional analytical model for the description of the excitation of nonreciprocal spin waves by spin current in spin-Hall oscillators in the presence of the interfacial Dzyaloshinskii-Moriya interaction (i-DMI) is developed. The theory allows one to calculate the threshold current for the excitation of spin waves, as well as the frequencies and spatial profiles of the excited spin wave modes. It is found, that the frequency of the excited spin waves exhibits a quadratic red shift with the i-DMI strength. At the same time, in the range of small and moderate values of the i-DMI constant, the averaged wave number of the excited spin waves is almost independent of the i-DMI, which results in a rather weak dependence on the i-DMI of the threshold current of the spin wave excitation. The obtained analytical results are confirmed by the results of micromagnetic simulations.
I. Introduction
In recent years, the excitation of microwave magnetization oscillations driven by a spinpolarized electric current or pure spin current has attracted much attention , both among theoreticians and experimentalists. Magnetization dynamics in spin-torque oscillators (STOs) and spin-Hall oscillators (SHOs) can exhibit various types of behaviour, including highly nonlinear and non-stationary dynamics 1, 2, 3 , making these oscillators an interesting test system for the investigation of nonlinear phenomena in ferromagnets. At the same time, STOs and SHOs demonstrate properties, that make them suitable for a wide range of applications, such as generators of microwave signals 4, 5, 6, 7, 8 , neuromorphic computing 9 , microwave-assisted magnetic recording 10 , etc.
The STOs and SHOs, in which spin-polarized electric current (or pure spin current) is injected locally in an unbounded ferromagnetic layer, are an important class of oscillators 11, 12, 13 , because propagating spin waves can be excited in these oscillators in the case of out-of-plane magnetization 14, 15, 16, 17, 18, 19, 20, 21, 22 . Excitation of propagating spin waves makes these oscillators promising for signal-processing applications in all spin-wave logic 23 and magnonics 24 ., and for the development of large arrays of phase-locked auto-oscillators efficiently coupled by the propagating spin waves 25, 26, 27 .
In the case when the SHO free layer is influenced by the interfacial Dzyaloshinskii-Moriya Interaction 28, 29 (i-DMI), which is an antisymmetric exchange interaction, appearing at the interface between a ferromagnet and a heavy metal with large spin-orbit coupling 30 , the SHO could acquire an additional functionality. The i-DMI is known to introduce the frequency nonreciprocity into the spectrum of propagating spin waves 30, 31, 32, 33 , leading to several potential physical and technological implications, such as creation of unidirectional spin-wave emitters, separation of signal and idler waves in frequency and wavenumber domains in spin-wave devices, which use parametric and nonlinear spin-wave processes, etc. 34, 35, 36, 37 . In recent theoretical works, 38, 39 it has Otherwise, either a nonlinear self-localized bullet mode is excited due to the negative nonlinear frequency shift, or a transient regime of mode coexistence is realized 17, 40 .
In our micromagnetic simulations we used the parameters of a Pt(5nm)/CoFeB(1nm) bilayer, having a rectangular in-plane cross-section of 1500 nm  3000 nm. The gold concentrator was assumed to be 150 nm thick, with the distance between the tips of d = 100 nm. Details on the calculation of the electric current and the spin current profiles can be found in Ref. [38] . For the materials parameters of the ferromagnetic layer we assumed: gyromagnetic ratio γ = 2π×28 GHz/T, the saturation magnetization M S =1000×10 3 A/m, the exchange stiffness A = 2.0×10 -11 J/m, the constant of perpendicular surface anisotropy K s =5.5×10 -4 J/m 2 (resulting in the effective volume anisotropy of K u =5.5×10 5 J/m 3 ), the Gilbert damping parameter  G =0.03 and the spin-Hall angle α H =0.1. The i-DMI parameter was varied in a range [41] in order to systematically study its effect on the nonreciprocal propagation of spin waves. Experimentally a i-DMI parameter variation can be realized by the variation of the ferromagnetic film thickness or by use of a different material, covering the ferromagnetic film from another side. The external bias magnetic field was applied at the angle θ B = 15°. For these parameters, the CoFeB layer had an easy-plane total (material plus shape) anisotropy. It is known, that a partial compensation of the demagnetization field by the perpendicular anisotropy allows one to reduce the critical current density necessary to excite propagating spin wave modes in a tilted external field 38 . All the micromagnetic simulations in this study have been performed using a state of the art micromagnetic solver 42 . 
III. Analytical model (a) Initial equations

Dynamics of magnetization
( )
,t M r of a ferromagnetic layer under the influence of spin current is described by the LLGS equation:
D is the i-DMI constant).
Equation (1) is used in micromagnetic simulations, but it is too complex for the analytic analysis. From Eq. (1) one can derive a dispersion relation of linear spin waves propagating in the ferromagnetic film (for this purpose one needs to neglect 2 last non-conservative terms and to represent the full magnetization of the film as a sum of its static magnetization and a small dynamic deviation) 31 : 
Making a formal substitution
in the simplified dispersion equation, it is possible to obtain the following dynamical equation describing the spatial and temporal evolution of the spin wave complex amplitude a: Fig. 1 it is an approximation, and the value of the effective radius R eff , which is of the order of the half distance between the concentrator tips, should be determined by comparison with simulations (see Sec. IV).
Simultaneously, such a case can be exactly realized in an STO 39 .
(b) General solution of the eigenvalue problem
Equation (4) can be considered as an eigenvalue problem, whose solution gives the values of the spin wave excitation frequency ω and the critical current J. In the considered geometry it is convenient to express Eq. (4) in cylindrical coordinates ( ) , r f :
Here we introduce a dimensionless coordinate eff / r R r = , and the following dimensionless parameters:
, describing the strength of the i-DMI, ( ) ( )
proportional to the generation frequency offset from the FMR frequency, and the normalized total damping G, which is equal to
outside the active region.
Equation (5) does not allow an exact analytical solution, because the dependencies on the radial and azimuthal coordinates cannot be separated due to the presence of the i-DMI term. At the same time, in the absence of the i-DMI this separation can be done rigorously, and the solution, corresponding to the lowest excitation threshold has a simple form ( ) a a r = , i.e. it is radially symmetric, and does not depend on the azimuthal angle f . Hence, we can assume, that, at least in the range of a relatively weak i-DMI, the radially symmetric solution is only weakly modified, and
the dependence on f is also weak. This approximation allows us to consider the azimuthal coordinate not as an independent variable, but as a parameter, which affect the radially symmetric solution ( ) a a f r = , i.e. to neglect the derivative / f ¶ ¶ in Eq. (4). As will be shown below, this approximation leads to correct dependencies of the generation frequency and threshold in the i-DMI range of interest.
Owing to the mentioned approximation, Eq. (5) is simplified to :
Equation (6) ( )
where the parameters  and  are defined as :
The coefficients C 1 , C 2 should be determined from the boundary conditions and proper asymptotes.
Since the function U is divergent at 0 r  , the solution in the active region ( 1 r < ) is given by the Laguerre's polynomial solely:
The 
where [ ] 
, or, in the initial parameters can be expressed as:
This expression can be also directly obtained from the spin-wave spectrum Eq. (3). which confirms the correct asymptotic behavior of the solution given by Eqs. (8, 9) . The exponential decay of the spin waves, caused by damping, is described by the term exp[ / ]
being the spin-wave group velocity (to derive this expression we used the assumption of small
The dependence of the spin-wave wave number on the azimuthal angle is nonreciprocal, in
, which is a consequence of the i-DMI. The averaged value of the wave number is equal to
where E [m] is the complete elliptic integral of the second kind. For small i-DMI it is simplified to: ( ) ( )
. In the section below, we will find the excitation frequency ω , and will show, that the averaged value of the spin-wave wave number is almost independent of D  in the range of a relatively weak i-DMI (d) Determination of the threshold current and generation frequency.
The generation frequency and threshold current density can be determined by the application of the boundary conditions to the general solution Eqs. (8, 9) . The boundary conditions require continuity of the function ( ) a f r and its derivative at the boundary of the active region ( 1 r = ). The first condition is satisfied automatically by the selection of the coefficient C in Eq. (9) . However, since we use approximate solutions, the condition on the derivatives 
where ( )
The normalized generation frequency W and the threshold G 1 are, then, given by the minimum of Thus, odd functions of D can be safely disregarded.
Setting 0 a = the function in Eq. (13) is simplified to: O A  , that is the solution we are searching for. Returning to the initial variables the generation frequency can be expressed as:
The threshold current density is found after the addition of the Gilbert damping contribution. In the range of small values of the Gilbert damping (compared to the radiation losses) this contribution is simply equal to 
Equations (16) and (17) 
i.e. the spectrum is shifted in the k x direction, and is lowered by the value of
The last value is exactly the same as the red shift of the generation frequency. This is absolutely natural, because the exchange interaction results in a certain offset of the generation frequency from the minimum frequency in the spectrum. This offset is the same for any i-DMI, because the structure of the spectrum remains the same except for the k x -shift, which the exchange interaction is not sensitive to. Thus, one can expect, that the red shift of the generation frequency
remains the same in all the i-DMI range, not only in the range of relatively small values. Our simulations below confirm this expectation. Also, it becomes clear, that in the one-dimensional case (nanowire along x-direction), the red shift is also given by the same
, as shown by the exact one-dimensional analytical model in Ref.
38.
Above we have also found that, in the absence of Gilbert damping, the generation threshold is independent of the i-DMI. In this case the threshold is determined by the compensation of the radiation losses rad G . The radiation losses are proportional to the spin-wave group velocity given by Eq. (11) , so the total radiation losses are obtained after the integration over k f , and are proportional to rad k G  , where the averaged spin-wave wave number is given by Eq. (12) . Substituting the expression for the generation frequency (Eq. (16) into Eq. (12)) one finds that, in the range of relatively small i-DMI, ( ) ( )
In the above presented model we have neglected the terms of the order of 4 D  . Thus, the radiation losses are independent of the i-DMI within the model, and, naturally, the obtained threshold current is also independent of the i-DMI. Expression for k gives, also, the range of the i-DMI, where model is valid:
( ) ( )
Outside this range, one may expect a decrease of the threshold current since the averaged group velocity decreases. Moreover, if
the spin waves in some direction become non-propagating (evanescent), since their wave vector becomes imaginary (see Eq. (10)). This feature was observed in simulations in Ref. 39 . However, to calculate the threshold dependence on this region analytically one should find a way to describe a general solution without approximation of the small values of i-DMI, which lies beyond the scope on this article.
IV. Comparison with micromagnetic simulations and discussion
In this section, we compare predictions of the above presented analytical model with the results of our micromagnetic simulations. The geometry and parameters of our micromagnetic simulations are described in Sec. II,and the value of the bias magnetic field was 400 mT. In this First, in Fig. 2 we compare analytical approximation Eqs. (8, 9) of the profile of excited spin-wave mode with the micromagnetic ones. One can clearly see, that spin wave profiles deviate from a purely cylindrical symmetry, and this deviation increases with the i-DMI t, as expected. The analytical approximation describes micromagnetic spin wave profiles reasonably well, and a weak deviation is related to the spatial distribution of the spin current, which is not of a perfect radial symmetry (see, e.g., supplementary materials in Ref. [38] , as was assumed in the model). symbols -micromagnetic simulation, lines -analytical expression (Eq. (10)).
Next, we look at the dependence of the generation frequency on the i-DMI, which is shown in Fig. 4(a) . Simulated frequencies follow the predicted trend, and decrease with the i-DMI as
. It should be noted, that the equality of characteristic contributions of the i-DMI and non-uniform exchange interaction, which corresponds to the condition To prove additionally this feature, we analyzed the data of micromagnetic simulation in Ref. 39 , where STO with an active area of exactly circular shape was studied. We use the data presented for the smallest bias current (3 mA), for which the nonlinear effects should be small. In that case, the characteristic value of the i-DMI, when its effect becomes the same as the effect of exchange interaction, is 0.85 mJ/m 2 . As one can see from the inset in Fig. 4(a Inset in (a) shows the dependence of the generation frequency for the STO studied micromagnetically in Ref. [39] : points are the micromagnetic data retrieved from Fig. 2(a) in Ref.
[39] at the bias current of 3 mA, line shows the result of the analytical model Eq. (16) .
For the calculation of the threshold current density one needs the value of the spin-Hall
The theoretically calculated value is Finally, we should note, that the presented theory is rigorously valid for the STOs with circular active region, while in the case of an SHO with concentrators one needs to use adjusting parameters: effective radius R eff and modified spin-Hall efficiency σ. To check if these parameters are set solely by the geometry of the concentrators we made simulations for different values of the bias magnetic field, which leads to a different magnetization angle, and compared these results with the corresponding curves calculated analytically . The i-DMI in this part of study is not taken into account, since the effects of the i-DMI on the generation frequency and threshold don't depend on the R eff (see Eqs. (16, 17) ). As one can see from Fig. 5(a) , the generation frequency has a constant offset from the FMR frequency, and is almost perfectly described by the analytical expression Eq. 
V. Conclusions
In summary, in this study we have proposed an analytical model for the description of the At the same time, the averaged spin-wave wave number and spin-wave group velocity are almost independent of the i-DMI in the range of small and moderate i-DMI. Consequently, the radiation losses remain the same, and the i-DMI affects the excitation threshold current only via its weak influence on the Gilbert losses, which are proportional to the generation frequency. However, when the effect of the i-DMI becomes comparable or greater than that of the exchange interaction, we observed a decrease of the generation threshold, which is attributed to the decrease of the averaged group velocity.
